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S u m m a r y .  In t he  p r e s e n t  p a p e r  a n  i m p r o v e d  m e t h o d  f o r  e s t i m a t i n g  b r o a d  s e n s e  h e r i t a b i l i t y  i s  d e v e l o p e d  
by  g e n e r a l i z a t i o n  a n d  i m p r o v e m e n t  of  t h e  m e t h o d  of  S a k a i  a n d  M u k a i d e  ( 1 9 6 7 )  ; t h i s  i t s e l f  i s  a g e n e r a l i -  
z a t i o n  a n d  i m p r o v e m e n t  of  S a k a i  a n d  H a t a k e y a m a ' s  ( 1 9 6 3 )  m o d i f i c a t i o n  of  S h r i k h a n d e ' s  ( 1 9 5 7 )  m e t h o d  
to s e p a r a t e l y  e s t i m a t e  t he  g e n e t i c  v a r i a n c e ,  c o m p e t i t i o n a /  v a r i a n c e  a n d  e n v i r o n m e n t a l  v a r i a n c e  of  a 
p l a n t  p o p u l a t i o n .  S o m e  of  t he  a s s u m p t i o n s  p o s t u l a t e d  by  t h e s e  f o r m e r  a u t h o r s  - e s p e c i a l l y  t h e  a s s u m p -  
t i o n  t h a t  t h e  c o v a r i a n c e  b e t w e e n  t he  g e n e t i c  a n d  c o m p e t i t i o n a l  e f f e c t s  e q u a l s  z e r o  - w e r e  o m i t t e d .  If  
c o m p e t i t i v e  e f f e c t s  a r e  g e n e t i c a l l y  c a u s e d  a n d  c o n t r o l l e d  - a n d  n u m e r o u s  e x p e r i m e n t a l  r e s u l t s  l e a v e  
no doub t  a b o u t  t h i s  - t h e n  t h i s  a s s u m p t i o n  c a n  not  b e  r i g h t .  O u r  p r o p o s e d  i m p r o v e m e n t  a n d  g e n e r a l i -  
z a t i o n  a v o i d s  t h i s  d i f f i c u l t y  by  c o n s i d e r i n g  c o m p e t i t i o n  a s  a u s u a l  q u a n t i t a t i v e  c h a r a c t e r  ( f o r  e a c h  g e n o -  
t y p e  we i n t r o d u c e  two q u a n t i t a t i v e  c o m p e t i t i o n - c h a r a c t e r s :  c o m p e t i t i v e  a b i l i t y  a n d  c o m p e t i t i v e  i n f l u e n -  
c e ) .  The e x p e c t e d  v a l u e s  o f  t he  v a r i o u s  t e r m s  in  t he  v a r i a n c e  of  p lo t  m e a n s  ( f o r  p l o t s  of  d i f f e r e n t  
s i z e s )  w e r e  d e r i v e d  to g i v e  a s y s t e m  of  s i m u l t a n e o u s  n o n - l i n e a r  e q u a t i o n s  f r o m  w h i c h  t h e  u n k n o w n  p a -  
r a m e t e r s ,  g e n e t i c  v a r i a n c e  r e s p .  b r o a d  s e n s e  h e r i t a b i l i t y ,  c o m p e t i t i o n a /  v a r i a n c e ,  e n v i r o n m e n t a l  v a -  
r i a n c e  e t c . ,  c a n  be  e s t i m a t e d  u s i n g  l e a s t  s q u a r e s  m e t h o d s  o r  d i r e c t  s e a r c h  m e t h o d s .  The e s t i m a t e s  f o r  
b r o a d  s e n s e  h e r i t a b i l i t y  a r e  p r o b a b l y  m o r e  c o r r e c t  a n d  r e a l i s t i c  ( b e c a u s e  of  t h e  a l t e r e d  a s s u m p t i o n s  
p r o p o s e d  in  t h i s  m e t h o d )  t h a n  t he  r e s u l t s  of  t h e  f o r m e r  a u t h o r s .  The a p p l i c a t i o n  of  t h e  p r o p o s e d  e s t i -  
m a t i o n - p r o c e d u r e  i s  d e m o n s t r a t e d  u s i n g  N o r w a y - s p r u c e  d a t a  f r o m  S l o v a k i a :  N o r w a y - s p r u c e  s t a n d s  
( 8 0 - 9 0  y e a r s  o l d )  w e r e  i n v e s t i g a t e d  f o r  f o u r  c h a r a c t e r s :  h e i g h t ,  d i a m e t e r ,  c r o w n  p e r c e n t a g e  a n d  t a -  
p e r ,  m e a s u r e d  f o r  e a c h  s i n g l e  t r e e .  

I n t r o d u c t i o n  

2 
The b r o a d  s e n s e  h e r i t a b i l i t y  ( h b . s . )  of  a c h a r a c t e r ,  t h a t  

i s  t he  p r o p o r t i o n  of  t h e  g e n e t i c  v a r i a n c e  to t he  p h e n o t y -  

p ic  t o t a l  v a r i a n c e ,  i s  a n  i m p o r t a n t  p a r a m e t e r  i n b r e e d -  

i ng  a n d  g e n e t i c s ,  b e c a u s e  a k n o w l e d g e  of  t h e  n u m e r i -  

c a / m a g n i t u d e  of  t h i s  h e r i t a b i l i t y  i s  of  s p e c i a l  i m p o r t a n c e  

f o r  p l a n n i n g  b r e e d i n g  p r o g r a m s  ( f o r  e x a m p l e  f o r  t he  p r e -  

d i c t i o n  of  t h e  ga in  of  s e l e c t i o n )  and  f o r  t he  e x a m i n a t i o n  

of  e x p e r i m e n t a l  r e s u l t s .  The e s t i m a t i o n  of  h e r i t a b i l i t i e s  

t h e r e f o r e  i s  a n  e s s e n t i a l  t a s k .  The c o m p u t a t i o n  of  hR. 
s I 

a s s u m e s  k n o w l e d g e  of  t h e  p h e n o t y p i c  t o t a l  v a r i a n c e  a n d  

of  i t s  g e n e t i c a l l y  c a u s e d  c o m p o n e n t .  

To c o m p u t e  t h i s  c o m p o n e n t  t h e r e  a r e  d i f f e r e n t  p o s s i -  

b i l i t i e s ,  w h i c h  d i f f e r  in  r e l a t i o n  to t he  s p e c i a l  o b j e c t  of  

t h e  e x p e r i m e n t a l  s t u d y  and  d e p e n d  o n  t h e  s p e c i a l  b r e e d -  

i ng  p r o g r a m .  

S o m e  g e n e r a l  p o s s i b i l i t i e s  a r e ,  f o r  e x a m p l e ,  : 

1 ) U s i n g  t h e  c o v a r i a n c e s  b e t w e e n  r e l a t i v e s .  

2) U s i n g  r e g r e s s i o n  t e c h n i q u e s ,  f o r  e x a m p l e  t h e  p a -  

r e n t  - o f f s p r i n g - r e g r e s s i o n .  

U s i n g  e a c h  of  t h e s e  p r o c e d u r e s  t he  e s t i m a t e s  of  

h ~ . s .  a r e  b i a s e d  by  not  c o n s i d e r i n g  t h e  c o m p e t i t i v e  e f -  

f e c t s  b e t w e e n  n e i g h b e u r i n g  p l a n t s  (Hiihn a - c ) .  

Wi th  a l l  t h e s e  e s t i m a t i o n  p r o c e d u r e s  s e v e r a l  g e n e r a -  

t i o n s  a r e  n e c e s s a r y .  

W h e n  w o r k i n g  w i th  p l a n t  s p e c i e s  h a v i n g  v e r y  l a r g e  

g e n e r a t i o n  i n t e r v a l s ,  f o r  e x a m p l e  w i th  p e r e n n i a l  p l a n t  

species or even forest trees, these estimation procedu- 

res are not sufficient because of the long time involved. 

Mostly it is necessary to get heritability estimates inthe 

early stages of breeding work - and this would be the 

case even if it were only possible to get some rough esti- 

mates or approximate results on broad sense heritabili- 

ty. 

Methods to estimate hb2" s. ' which can be applied 

without needing progeny tests or crosses, and which 

lead to estimates with satisfactory properties are there- 

fore of special importance for breeding work with such 

plant species. The proposed method is a generalization 

and improvement of the original method of Shrikhande 

(1957), which has been further developed by Sakai and 

Hatakeyama (1963) and by Sakai and Mukaide (1967) ; for 

(estimation of h2.s._ ) this method has been this purpose 

used frequently in the literature (Saka/, Hayashi and Mu- 

kaide (1966), Sakai, Mukaide and Tomita (1968), Ked- 

harnath, Chetty and Rawat (1969), Morgner and Horn 

(1970), Namkoong and Squillace (1970) et al. ). Intwo 

former publications (Hiihn a and Hiihn b) we have de- 

veloped a generalization of the method of Shrikhande/ 

Sakai/Hatakeyama/Mukaide to estimate separately the 

genetic variance, co mpetitiona/ variance and environ- 
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m e n t a l  v a r i a n c e  of  a p l an t  p o p u l a t i o n .  In t h i s  g e n e r a -  

l i z a t i o n  and  i m p r o v e m e n t  s o m e  of  t he  a s s u m p t i o n s  o f  

t h e s e  a u t h o r s  - e s p e c i a l l y  t he  a s s u m p t i o n  tha t  t he  c o -  

v a r i a n c e  b e t w e e n  the  g e n e t i c  and  c o m p e t i t i o n a l  e f f e c t s  

e q u a l s  z e r o  - w e r e  o m i t t e d ,  b e c a u s e  e x p e r i m e n t a l  i n -  

v e s t i g a t i o n s  h a v e  s h o w n  the  o p p o s i t e .  This  g e n e r a l i z a -  

t ion  of  p e r m i t t i n g  c o v a r i a n c e a  not  equa  ! to z e r o  was  p o s -  

s i b l e  u n d e r  the  a s s u m p t i o n  tha t  c o m p e t i t i v e  e f f e c t s  a r e  

g e n e t i c a l l y  c a u s e d  a n d  c o n t r o l l e d .  We a s s u m e d  that , ,  f o r  

t h e  d e s c r i p t i o n  of  the  c o m p e t i t i o n  p r o p e r t i e s  of  a p o p u -  

l a t i o n ,  e a c h  g e n o t y p e  X c a n  be a s s i g n e d  two c h a r a c t e r s ,  

c o m p e t i t i v e  a b i l i t y  F x and  c o m p e t i t i v e  i n f l u e n c e  WX, 

wh ich  a r e  both  h e r e d i t a r y  l ike  t he  usua l  q u a n t i t a t i v e  c h a -  

r a c t e r s .  

This generalization and improvement of the method 

of Shrikhande/Sakai/Hatakeyama/Mukaide (published 

in H~ihn a and Hfihn b) has been developed in these pa- 

pers for the following special and simple genetic model : 

random mating, one locus with two alleles in equilibrium, 

pleiotropic gene action of the two alleles upon the two 

characters F and W, equal degrees of dominance in F 

and W. 

For practical applications, however, this is an un- 

realistic case. In the present paper the underlying the- 

ory and the estimation-procedure derived have been ge- 

neralized further in such a way that it is not now neces- 

sary to agree on a definite special genetic model. The 

theory, and therefore the estimation-procedure, is also 

now v a l i d  and  a p p l i c a b l e  to a p l an t  popu la t i on  c o n s i s t i n g  

of  an  a r b i t r a r y  n u m b e r  of  d i f f e r e n t  g e n o t y p e s  wi th  a r -  

b i t r a r y  f r e q u e n c i e s ,  wi thout  m a k i n g  any a s s u m p t i o n s  

about  t he  n u m b e r  of  t he  e x i s t i n g  l o c i ,  about  the  n u m b e r  

of  a l l e l e s ,  about  t he  m o d e  of  g e n e  a c t i o n  e t c .  

T h e o r e t i c a l  I n v e s t i g a t i o n s  

We p r o p o s e  a p o p u l a t i o n  which  fu l f i l s  t he  fo l lowing  s i m p -  

l i fy ing  a s s u m p t i o n s  : 

1) The p l a n t s  a r e  r e g u l a r l y  d i s p e r s e d  - tha t  i s  with 

equa l  d i s t a n c e s  - o v e r  t he  a r e a .  H e n c e  it f o l lows  tha t  

d e n s i t y  i s  no s o u r c e  of  v a r i a t i o n  - but the  g e n e t i c a l  and 

c o m p e t i t i v e  c o r r e l a t i o n s  and  v a r i a t i o n s  e x i s t .  

2) The p l a n t s  a r e  o f  t he  s a m e  a g e .  

3) The c o n s i d e r e d  p l an t  s t a n d  i s  ' s u f f i c i e n t l y  l a r g e ' .  

4) We g ive  no r e g a r d  to t he  fac t  tha t  t he  r e c i p r o c a l  

i n f l u e n c e  of  n e i g h b o u r i n g  i n d i v i d u a l s  i s  d i f f e r e n t  at  d i f -  

f e r e n t  a g e s  and  d i f f e r e n t  s t a g e s  of  p lan t  g r o w t h .  We 

a s s u m e  tha t  it  i s  s u f f i c i e n t  to c o n s i d e r  t he  s i t u a t i o n  at  

on ly  one  c e r t a i n  s t a g e  of  l i f e .  

5) A p lan t  is  on ly  i n f l u e n c e d  by i t s  fou r  d i r e c t  n e i g h -  

b o u r s  and the  e f f e c t s  o f  al l  o t h e r  n e i g h b o u r i n g  p l a n t s  

a r e  n e g l i g i b l e .  

6) The e f f e c t  of  one  p lan t  on a n o t h e r  s h a l l  be  i n d e p e n -  

den t  of  the  d i r e c t i o n a l  p o s i t i o n  of  i t s  c o m p e t i t o r s .  T h e r e -  

f o r e ,  only  the  g e n o t y p i c a l  c o m p o s i t i o n  of  the  g r o u p  of  

c o m p e t i t o r s  h a s  any b e a r i n g  on the  r e s u l t i n g  e f f e c t s .  

7) The e f f e c t s  of  the  fou r  n e i g h b o u r i n g  p l a n t s  add up 

l i n e a r l y ,  and  we ge t  the  p h e n o t y p i c  v a l u e  P X  o f  p lan t  X 

f r o m  : 

P X  = F X  + ~ W i ( X )  + e x  
i(x) 

l $ l 

c o m p e -  to ta l  c o m p e -  e n -  
t i t i v e  t i t i ve  i n -  v i r o n -  
ab i l i t y  f l u en ce  m e n t a l  
t e r m  t e r m  t e r m  

(1) 

with : 

P X  = 

F X = 

W i ( x )  = 

e X = 

p h e n o t y p i c  v a l u e  o f  p lan t  X.  

c o m p e t i t i v e  ab i l i t y  of  p lan t  X.  

c o m p e t i t i v e  i n f l u e n c e s  of  t he  f o u r  n e i g h b o u r s  

of  p lan t  X, w h e r e  the  s u m m a t i o n - i n d e x  i ( X )  

r u n s  o v e r  the  four  n e i g h b o u r s  of  p lan t  X.  

e n v i r o n m e n t a l  d e v i a t i o n  of  p lan t  X - d e f i n e d  a s  

the  d e v i a t i o n  of  the  p h e n o t y p i c  va lue  f r o m  i t s  

e x p e c t e d  va lue  b a s e d  on the  F - e f f e c t s  and 

W - e f f e c t s .  

Thus ,  u s i n g  mode l  ( 1 ) ,  the  p h e n o t y p i c  va lue  of  a 

p lan t  i s  d e p e n d e n t  only  on the  g e n o t y p e  of  t h i s  p lan t  and  

on the  g e n o t y p i c a l  c o m p o s i t i o n  of  i t s  n e i g h b o u r h o o d .  

F i n a l l y  we wil l  g ive  s o m e  f u r t h e r  n o t a t i o n s :  

0 = c o r r e l a t i o n  c o e f f i c i e n t  b e t w e e n  the  F - v a l u e s  and  

the  W - v a l u e s  of  a l l  p l a n t s  of  the  to ta l  c o n s i d e r e d  

p lan t  s t a n d ,  wi th  -1 ~ ;~ ~ +1. 

G = g e n e t i c  v a r i a n c e  

C = c o m p e t i t i o n a l  v a r i a n c e  

E = e n v i r o n m e n t a l  v a r i a n c e  

x = n u m b e r  of  p l an t s  p e r  p lot  ( f o r  d i f f e r e n t  r e a s o n s  

we on ly  c o n s i d e r  t h r o u g h o u t  all  fo l lowing  i n v e s t i -  

g a t i o n s  s q u a r e - p l o t s ,  e . g .  x = n 2 = n x n ) .  

b = p a r a m e t e r  f r o m  F .  S m i t h ' s  e m p i r i c a l  l aw ,  w h o s e  

va l id i ty  and a p p l i c a b i l i t y  f o r  t he  e n v i r o n m e n t a l  

�9 c o m p o n e n t  i s  p o s t u l a t e d  in t h i s  s tudy  

V-- = v a r i a n c e  of  the  m e a n s  of  p l o t s  wi th  x p l a n t s  p e r  
x 

plot  

(~ = s y m b o l  f o r  e x p e c t a t i o n  

h~.s.u = b r o a d  s e n s e  h e r i t a b i l i t y  
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H i s t o r i c a l  e x c u r s i o n  

Sakai  and H a t a k e y a m a  (1963) t r i e d  to e s t i m a t e  the  g e -  
n e t i c  V a r i a n c e  (G) and e n v i r o n m e n t a l  v a r i a n c e  (E )  
u s i n g  Sh r ikhande  ' s e q u a t i o n  : 

V--= G/x + E/x b (2) 
X 

To estimate competitional variances and to take compe- 
titive effects (which are a main cause for the bias of the 
estimates) into account explicitly, this model (2) was 
generalized by Sakai and Mukaide ( 1967 ) by adding a 
competitional term C in the following form: 

V--x = G / x  + E / x  b + T x C / x  (3)  

o r  

x V - - =  G + xBE + T C (4)  
X X 

with  B = 1-b  and the  c o e f f i c i e n t  T, of  p r o p o r t i o n a l i t y ,  
which  fo l lows  f r o m  the  a s s u m p t i o n s  of  S a k a i ' s  m o d e l  of  
c o m p e t i t i o n .  A f t e r  app ly ing  e q u a t i o n  (4) on v a r i o u s  plot  
s i z e s  one  g e t s  a s y s t e m  of  s i m u l t a n e o u s  e q u a t i o n s ,  which 
can  be s o l v e d  fo r  d i f f e r e n t  v a l u e s  of  B - f o r  e x a m p l e  
u s ing  the  m e t h o d  of  l e a s t  s q u a r e s .  F o r  e a c h  such  c h o s e n  
B one  o b t a i n s  e s t i m a t e s  of  the  p a r a m e t e r s  G, C and E .  
Those values Go, Eo, Co and Bo are taken as estimates 
of the unknown parameters, which best fit with the em- 
pirical values xV~ . This procedure of estimating gene- 
tic variances without performing progeny tests has been 
used very frequently in recent years: Sakai and Hata- 
keyama (1963) ; Sakai, Hayashi and Mukaide (1966) ; 
Sakai and Mukaide (1967); Sakai, Mukaide and Tomita 
(1968); Kedharnath, Chetty and Rawat (1969); Morg- 
ner and Horn (1970); et al. A critical discussion of 
this estimation procedure and of its weak points (for 
example the case b = I) is given by Namkoong and 
Squillace ( 1970 ). 

In order to apply this estimation-procedure it is 

necessary to divide the considered plant stand into plots 

of various sizes; for various reasons (see, for example, 

Htihn a) we will only consider square plots in all follow- 

ing investigations. After dividing the plant stand into 

plots of various sizes the means of these plots and their 

variances are calculated for each plot size. These va- 

riance-values are the empirical data which are necessa- 

ry for applying this estimation-procedure. 

The purpose of the following studies is to obtain esti- 

mates for G, C and E (which includes a broad-sense- 

heritability-estimate) making use only of these pheno- 

typic variances of plot means for various plot sizes. For 

this purpose we need the expectation of the variance of 

plot means - expressed as a function of G, C, E andthe 

plot size x = n 2. 

All following investigations are based upon the follow- 

ing assumptions : 

1) The genotypes of the considered plant stand are 

randomly distributed over ~he field. 

2) Independence of the sources of variation from (1). 

3) E a c h  plot  i s  a r a n d o m  s a m p l e  of  a l l  the  g e n o t y p e s  

of  the  c o n s i d e r e d  plant  s t a n d .  

D e r i v a t i o n  of  the  s y s t e m  of  n o n - l i n e a r  e q u a t i o n s  fo r  

e s t i m a t i o n  of  the  b r o a d  s e n s e  h e r i t a b i l i t y  

F o r  th i s  p u r p o s e  we c h a n g e  the  f o r m u l a t i o n  o f  m o d e l  ( I )  

app ly ing  the  c o m m o n l y  u s e d  s y m b o l s  and we ge t :  

= C,. +e.. Yij gij + i] I] 
(5) 

with 

Yij = o b s e r v e d  pheno typ ic  v a l u e  of  the  j th  p lant  in the  i th  

plot; i=1 ,2 , . . . , d ;  j = l , 2 , . . . , n  2. 

gij = competitive ability of the jth plant in the ith plot; 

c . .  = ~. Wv( i j  ) w h e r e  the  s u m m a t i o n  v ( i j )  r u n s o v e r  
i] v(ij) 

the four neighbours of the jth plant in the ith plot ; 

e.. = environmental deviation of the jth plant in the ith ij 
plot (defined as the deviation of the observed pheno- 

typic value Yij of this plant from its expected value 

based on the c-effects and g-effects, e.g. 

ei j  =Yij- (gi j  + c i j  ) )" 

S o m e  f u r t h e r  n o t a t i o n s  u s e d  in the  fo l lowing  t e x t :  

d n = n u m b e r  of  p lo t s  of  s i z e  n 2 = n x n  into which t h e c o n -  

s i d e r e d  p lan t  popu la t ion  i s  d i v i d e d .  

= n u m b e r  of  p lan t s  p e r  plot  (we a l w a y s  a s s u m e  a 

plant  popu la t ion  with  r e g u l a r l y  d i s p e r s e d  p l a n t s ) .  

Yi. = m e a n  of  the  i th  plot  

y" = to ta l  mean 

gi. ' ~' ci.' ~'' ei. and ~ denote the analogous defini- 

tions for the different components. 

Using model (5) we obtain the following analysis of 

the phenotypic variance of the plot means : 

. n  2 

d 
~ ,  (Yi, - ~-)2 

V---~= d - I (6) 
n i=1 n 

d 
n [ (g i  + c i .  + e i . ) -  (g + c  + e ) ] 2  

= ~ " d - 1  
i=l n 

dn (gi. ~)2 dn 
~ ,  - ~ (c i"  - ~ ) 2  

= + 

d - 1  d - 1  
i=1 n i=1 n 
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d d 
n _~-)2 n ( g i - g ) ( c i - c )  

E (ei"  2 E " . d - I  + d - 1  
i= l  n i= l  n 

d d 

~ ,  ( g i . - d  ~ ) -  1 ( e i ' -  ~) + 2  ~ .  ( e i ' - d - ~ - T  ~ ) ( c i ' - c )  + 2  

i=1 n i=I  n 

Going  over to the e x p e c t a t i o n s  of the  d i f f e r en t  t e r m s  

in  th i s  a n a l y s i s  of the  v a r i a n c e  of the plot  m e a n s  in  (6) 

we o b t a i n  ( u n d e r  the  a s s u m p t i o n s  m e n t i o n e d  above)  the  

fo l lowing r e s u l t s  : 

(gi. - ~ ) 2  

d~ d n _ l  = n ~  

d n - 1 = 2b 
i= l  n 

( F .  S m i t h ' s  e m p i r i c a l  l aw for  the  e n v i r o n m e n t a l  c o m -  

ponen t )  

(gi.- 
dr 2 d - 1  

i= l  n 

( c i .  - ~ ' ) (e  i - e )  
2 H : i "  : o  

i=l n 

Thus we have  e x p r e s s e d  the  expec t a t i on  of the  v a r i -  

ance  of plot  m e a n s  as  a func t ion  of G, C, E ,  n ,  p and  b.  

This  r e l a t i o n  (12) now c a n  s e r v e  for  an  e s t i m a t i o n  of 

the  unknown p a r a m e t e r s  G, C, E ,  ~ and  b by s e t t i ng  

( b e c a u s e  of the  i n d e p e n d e n c e  a s s u m p t i o n s  ) .  

F o r  the  two r e m a i n i n g  e x p e c t a t i o n s  we o b t a i n  a f t e r  

s o m e  t h e o r e t i c a l  c o n s i d e r a t i o n s  and  c o m p u t a t i o n s  the  

f o r m u l a s  ( P r o o f  s e e :  Appendix  1) : 

{ }  (n-1)p 
8 2 d - I  = 3 

i= l  n n 

d / 
{~' i : l  (ci'dn-l-c) 2 = 4 n 2 - 6 n + n 4  2 

-I Vn2 Vn2 

for  d i f f e ren t  plot  s i z e s  n 2 u s i n g  equa t ion  ( 1 2 ) .  F r o m  

th is  one  ob t a in s  a s y s t e m  of s i m u l t a n e o u s  n o n - l i n e a r  

equa t i ons  : 

v 7 : G + c + E  (13) 

G 3 E p VGC (7) v 7:r 2 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

G 4 n  2 -  6 n  + 2 E 4 ( n - 1 ) p ~ G C  
V~--~= ~-~ + 4 C + - - ~ +  3 

( 8 )  n n n 

9 )  

(10) 

c .  (11) 

T h e r e f o r e  we get  the fo l lowing  r e s u l t  for  the  e x p e c t a -  

t ion  of  the  v a r i a n c e  of p lo t  m e a n s :  

{V~_.~ I G 4 n 2 - 6 n + 2  C+ E 4 ( n - l ) p  GV-~ 
= n -~+  n 4 " - -~+  3 n n 

(12)  

To e s t i m a t e  the  unknown p a r a m e t e r s ,  for  e x a m p l e  

the  gene t i c  v a r i a n c e  G, for  a c e r t a i n  p lan t  popu la t ion  

u s i n g  th i s  p r o p o s e d  method  we can  p r o c e e d ,  s t a r t i n g  

f r o m  th i s  s y s t e m  of equa t i ons  (13) ,  in  s e v e r a l  d i f f e ren t  

ways : 

A) It is possible to consider all the parameters in 

(13), namely G, C, E, 0 and b, as unknowns and to 

estimate them from equations (13), for example by 

least squares method. 

B) Based upon biological considerations it would 

p r o b a b l y  be p o s s i b l e  to a s s i g n  a spec i a l  de f in i t e  n u m e -  

r i c a l  va lue  to r Then the  unknown p a r a m e t e r s  can  be 

e s t i m a t e d  f r o m  (13) - for  e x a m p l e  in  the m a n n e r  d e -  

s c r i b e d  above :  the s y s t e m  ( 1 3 ) o f  s i m u l t a n e o u s  n o n - l i -  

n e a r  equa t ions  can  be so lved  for  d i f fe ren t  v a l u e s  of b - 

for  e x a m p l e  u s i n g  the method  of l e a s t  s q u a r e s .  F o r  each  

such  chosen  b one ob ta ins  e s t i m a t e s  of the p a r a m e t e r s  

G, C and  E .  Then those  v a l u e s  GO, CO, E 0 and b 0 a r e  

t aken  a s  e s t i m a t e s  of the unknown p a r a m e t e r s  which bes t  

fit  with the  e m p i r i c a l  v a l u e s  V--~. This  e x p r e s s i o n  'bes t  

f i t '  m e n a s  p r e c i s e l y  : n 

With this procedure b varies within a certain inter- 

val by increments of a certain length - beth interval 

length and increment length, must be given and defined 

before. 
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C)  A n o t h e r  p o s s i b i l i t y  i s  to app ly  the  e s t i m a t i o n  p r o -  

c e d u r e  ( B ) ,  d e s c r i b e d  a b o v e ,  not  o n l y  o n c e  to a c e r t a i n  

( f r o m  b i o l o g i c a l  c o n s i d e r a t i o n s )  g i v e n  p, but to m a n y  

p - v a l u e s ;  fo r  t h i s  p v a r i e s  in the  i n t e r v a l  -1 ~< p ~< +1, 

wi th  a s u i t a b l e  i n c r e m e n t  l e n g t h .  F o r  e a c h  of  t h e s e  

~ - v a l u e s  we app ly  (B)  and o b t a i n  e s t i m a t e s  fo r  G,  C ,  E 

and b f o r  e a c h  p - v a l u e  - wi th  a c e r t a i n  c o r r e s p o n d i n g  

S Q - R e s i d u a l .  F i n a l l y ,  t h o s e  v a l u e s  GO, CO, E0 ,  b 0 and 

P0 cou ld  be  t aken  fo r  e s t i m a t e s  of  the  unknown p a r a m e -  

t e r s  fo r  which  t h i s  S Q - R e s i d u a l  i s  a m i n i m u m .  

By  s o m e  f u r t h e r  c o n s i d e r a t i o n s  i t  i s  p o s s i b l e  to r e -  

duce  the  n u m b e r  of  unknown p a r a m e t e r s  which  m u s t  he  

e s t i m a t e d ;  t h e r e f o r e  the  c o m p u t a t i o n a l  p r o c e d u r e  can  be  

r e d u c e d  and the  e s t i m a t i o n - p r o c e d u r e  be  i m p r o v e d  by 

th i s  m o d i f i c a t i o n .  

If  we i n t r o d u c e  the  fo l lowing  n o t a t i o n s  

G* = G/G+C+E; C* : C/G+C+E; E* : E/G+C+E (14) 

A f t e r  app ly ing  (16)  and put t ing  the  r e l a t i o n  

E *  : 1 - G* - C* into  (15)  we ob t a in  the  e q u a t i o n :  

[-} d~ Vn2 G* 4n  2 -  6 n  + 2 C*  + 

V12 : V + n 4 

+ 4(n-1)p G~-~ 
3 

n 

1 - G *  - C *  
2b 

n 

If  we now e q u a t e  fo r  d i f f e r e n t  p lot  s i z e s  n2:  

Ivy] 
we get  a s y s t e m  of  s i m u l t a n e o u s  e q u a t i o n s ,  which  i s  

a n a l o g o u s  to the  s y s t e m  of  e q u a t i o n s  (13)  

then we have h 2 : G* andG* + C* + E* : 1 with 
b.s. 

0~<G*~< I, 0~<C*~< 1 and 0~<E*~ I. 

Because of d~ V : G + C + E we obtain from (12) 

with (14 ) :  V1-" ~ 

~ {Vv] = G* 4n2-6n+2 C* + E* 4 ( n - 1 ) p  G*~'G-~ -~  

(15)  

If the  to t a l  n u m b e r  N of  p l an t s  in the  c o n s i d e r e d  p lan t  

popu la t ion  is  h igh  enough ,  and i f  t h e r e  e x i s t s  no p o s i t i v e  

and too l a r g e  a k u r t o s i s  7 of  the  f r e q u e n c y  d i s t r i b u t i o n  

of  t he  pheno typ ic  v a l u e s  Yij of  t h i s  p lan t  s t and ,  then  the  

fo l lowing  a p p r o x i m a t e  r e s u l t  i s  v a l i d :  

/ '{V I  ,[V7 
This  r e s u l t  (16)  fo l lows  f r o m  the  u n e q u a l i t y ,  which  

can  be d e r i v e d  r e l a t i v e l y  s i m p l y  f r o m  s o m e  t h e o r e t i c a l  

i n v e s t i g a t i o n s  : 

(18)  

F o r  p r o o f ,  s e e :  Append ix  2. 

VV G* 3 C* 1 - G* - C* ~ ~G*C* 

V V = T + 8 + 4 b + 2 

G* 20 1 -  G*- C* 8p ~ *  
--: -~'+ C* + 

8T + 9 b 27 

V~-~ G* 4n  2 - 6 n  + 2 

V~: V + n4 

4 (n -  1 ) p V~.*C* + 
3 

n 

C* + 
1 - G *  - C *  

n 2b 

(19)  

This  s y s t e m  of  e q u a t i o n s  (19)  c a n  now s e r v e  fo r  an e s t i -  

m a t i o n  of  the  unknown p a r a m e t e r s .  

C o m p a r e d  with the  s y s t e m  of e q u a t i o n s  (13 ) ,  t h i s  

s y s t e m  of e q u a t i o n s  ( 1 9 )  shows  s o m e  e s s e n t i a l  a d v a n -  

t a g e s .  F i r s t l y ,  the  n u m b e r  of  p a r a m e t e r s  i s  r e d u c e d .  

(16)  F u r t h e r m o r e ,  the  p a r a m e t e r s  G* and C* ,  which  h a v e  

to be  e s t i m a t e d ,  v a r y  now on ly  wi th in  the  s m a l l  i n t e r -  

v a l s  0 ~< G* ~< 1 and 0 ~< C* ~< 1, wh i l e  in app ly ing  the  

s y s t e m  of  e q u a t i o n s  ( 13 ) the  p a r a m e t e r s  G and C,  which  

h a v e  to be e s t i m a t e d  t h e r e ,  can  v a r y  wi th in  i n t e r v a l s  

which  a r e  m u c h  l a r g e r .  This  f inal  a r g u m e n t  ( n a m e l y  the  

s m a l l e r  i n t e r v a l s ,  in  which  the  p a r a m e t e r s  v a r y  by 

u s i n g  the  s y s t e m  of  e q u a t i o n s  ( 1 9 ) )  i s  of  p a r t i c u l a r  i m -  

p o r t a n c e  in r e l a t i o n  to the  p o s s i b l e  a p p l i c a t i o n  of  ' d i r e c t  

(17)  s e a r c h  m e t h o d s  ' o r  ' i t e r a t i o n  m e t h o d s  ' f o r  e s t i m a t i n g  

the  p a r a m e t e r s  f r o m  s u c h  s y s t e m s  of  e q u a t i o n s .  

To a l s o  e s t i m a t e  the  p a r a m e t e r s  G*,  C*,  E * ,  p and 

b h e r e  fn fhe c a s e  of  s y s t e m  (19) ,  i t  i s p o s s i b l e  to app ly  
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the  p o s s i b i l i t i e s  A ) ,  B ) and  C ) f o r  p a r a m e t e r - e s t i m a t i o n  

p r e v i o u s l y  d i s c u s s e d  f o r  the  s y s t e m  ( 1 3 ) .  

In the  p r e s e n t  s t u d y  we h a v e  u s e d  B)  and C) in  t he  

fo l lowing  f o r m .  When e s t i m a t i n g  the  p a r a m e t e r s  by l e a s t  

s q u a r e s  m e t h o d  a c e r t a i n  S Q - R e s i d u a l  h a s  to be m i n i -  

m i z e d .  We h a v e  e v a l u a t e d  t h i s  m i n i m u m  in the  p r e s e n t  

f o r m u l a t i o n  o f  t he  c o m p u t e r p r o g r a m  not  by u s i n g  m a t h e -  

m a t i c a l  p r o c e d u r e s  of  d i f f e r e n t i a l  c a l c u l u s  ( S Q - R e s i -  

dual  ' = 0 ) ,  but  by app ly ing  ' d i r e c t  s e a r c h  m e t h o d s ' .  With 

t h i s ,  G~ and  C ~ r u n  f r o m  0 to 1 in  i n c r e m e n t s  of  the  

l e n g t h  0 . 0 2  and  b r u n s  f r o m  0 to 3 in i n c r e m e n t s  of  

t he  l e n g t h  0 . 0 2 .  F i n a l l y ,  the  e s t i m a t e  f o r  E~ i s  c a l c u -  

l a t e d  wi th  E~ = 1 - G~ - C~*. 

If  e s t i m a t e s  f o r  G, C and  E a r e  a l s o  n e e d e d  one  c a n  

o b t a i n  s u c h  e s t i m a t e s  in  t he  fo l lowing  m a n n e r :  

6 = 6 *  �9 V ' ~  = 6 *  �9 to ta l  v a r i a n c e  

= C* �9 V~-~ = C*  �9 to ta l  v a r i a n c e  

~. = ~.* �9 V~-~ = 1~* �9 to ta l  v a r i a n c e  (20) 

In t he  t h e o r y  of  t h i s  e s t i m a t i o n  p r o c e d u r e  the  a c c u -  

r a c y  of  t he  e s t i m a t e s ,  f o r  e x a m p l e  the  v a r i a n c e s  of  the  

e s t i m a t e s  f o r  G ~, C ~, E~ and  b,  a r e  not  i n v e s t i g a t e d .  

C l o s e l y  c o n n e c t e d  wi th  t h i s  i s  t he  q u e s t i o n  of  the  s t a b i -  

l i ty  of  t h e  s o l u t i o n s  of  t he  s y s t e m  ( 1 9 ) ,  tha t  i s  the  p r o -  

b l e m  o f  t he  s t a b i l i t y  of  t he  e s t i m a t e s :  how do the  e s t i -  

m a t e s  c h a n g e  if  one  c h a n g e s  the  o r i g i n a l  e x p e r i m e n t a l  

d a t a ,  i . e .  t he  e m p i r i c a l  v a r i a n c e s  of  t he  plot  m e a n s .  

It i s  a l s o  p o s s i b l e  tha t  a n o t h e r  m e t h o d  f o r  s o l v i n g  

t h e  s y s t e m  (19)  of  n o n - l i n e a r  e q u a t i o n s  migh t  r e s u l t  in 

b e t t e r  e s t i m a t e s .  All  t h e s e  q u e s t i o n s  c o n c e r n i n g  the  

m a t h e m a t i c a l  and  s t a t i s t i c a l  a s p e c t  o f  the  p r o p o s e d  e s t i -  

m a t i o n - p r o c e d u r e  m u s t  s t i l l  be  i n v e s t i g a t e d  and c l a r i -  

f i e d .  The c o r r e c t n e s s  and  a p p l i c a b i l i t y  of  t h i s  e s t i m a -  

t i o n - p r o c e d u r e  i s  d e p e n d e n t  upon a lot  o f  a s s u m p t i o n s ,  

s u c h  a s :  equa l  d i s t a n c e s  b e t w e e n  the  s i n g l e  p l a n t s ,  equa l  

age  of  al l  i n d i v i d u a l s ,  r a n d o m  d i s t r i b u t i o n  of  the  g e n o t y -  

p e s  of  t he  p l an t  p o p u l a t i o n ,  s p e c i a l  a s s u m p t i o n s  r e f e r -  

r e d  to t he  m o d e l  of  o u r  s t u d y  ( m o d e l  o f  c o m p e t i t i o n  ( 1 ) ) ,  

v a l i d i t y  of  F .  S m i t h ' s  e m p i r i c a l  l aw  e t c .  

In p r a c t i c a l  a p p l i c a t i o n s  of  the  p r o p o s e d  m e t h o d  of  

p a r a m e t e r - e s t i m a t i o n  u s i n g  r e a l  p lan t  p o p u l a t i o n s  t h e s e  

a s s u m p t i o n s  would  h a r d l y  e v e r  be r e a l i s e d .  

The e s t i m a t e s  o b t a i n e d  wi th  t h i s  p r o c e d u r e  in  the  p r e -  

s e n t  f o r m  c a n ,  t h e r e f o r e ,  be  l ooked  upon f o r  t he  t i m e  

b e i n g  on ly  a s  a p p r o x i m a t e  r e s u l t s .  But a s  we have  s e e n  

in the Introduction even such estimates are of special 

importance for breeding work with perennial plant spe- 

cies. 

Material and Results 

The estimation-procedure described in the previous chap- 

ter had been applied to an extensive collection of Nor- 

way-spruce-data from Slovakia. Eleven Norway-spruce 

stands (80-90 years old) were each investigated by con- 

sidering four characters, measured for each single tree: 

height, diameter, crown percentage and taper. This ex- 

tensive data on Norway-spruce had obligingly been given 

to me by Dr. M. Holubcik, Zvolen, Czechoslovakia. 

Because Dr. Holubcik and I intend to prepare another 

publication, in which we will give and discuss the com- 

plete results of the computations of the heritability-esti- 

mates for the eleven different plant stands and for each 

of the four characters, which are measured in this stu- 

dy. Therefore, to demonstrate the application of the pro- 

posed estimation-procedure for broad sense heritabili- 

ty, I will give here in this paper the results for only 

two of these plant stands. For these reasons I will not 

enter into a detailed description of the plant stands and 

the plant material which we used in this study because 

the main purpose of this paper is to present the theory 

and the statistical estimation-procedure, not to give a 

detailed discussion of the numerical results of the broad- 

sense-heritability estimates of the different Norway- 

spruce stands. 

Example 1 

Table la. Plant stand No. 51c (that is the original no- 
tation according with Dr. Holubcik's data). 
Variance of plot means with different plot si- 
zes for the four characters 

plot size height diameter crown percentage taper 

1 x 1 = 1 9 .77  47 .00  148.15  142.06 
2 x 2 = 4 3 .65  16.29 51.33 44 .72  
3 x 3 = 9 2 .15  8 .59  27.78 23 .90  
4 x 4 = 16 1 .46  6 .24  18.96 15.10 
5 x 5 = 25 1 .23  6 . 2 5  14.28 13.57 
6 x 6 = 36 1 .12  5 .36 10.65 14 .52  

With this data of the variances of plot menas for dif- 

ferent plo t  s i z e s  we get  the  fo l lowing  r e s u l t s  ( the  p a r -  

a m e t e r t u p e l  wi th  m i n i m a l  S Q - R e s i d u a l  has  b e e n  u n d e r -  

l i n e d  ) .  
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T a b l e  l b .  P l a n t  s t a n d  N o .  51c .  E s t i m a t e s  o f  t h e  p a r a m e t e r s  0, b ,  G*  = h~.,,, C*  a n d  E *  a n d  S Q - R e s i d u a l  f o r  e a c h  
of  t h e  f o u r  c h a r a c t e r s  h e i g h t ,  d i a m e t e r ,  c r o w n  p e r c e n t a g e  a n d  t a p e r  

character 'height' character 'crown percentage ' 

b G* C* E* SQ-Residual ~ b G* C* E* SQ-Residual 

- 1 . 0 0  +0 ,6 6  0 . 0 2  0 . 1 0  0 . 8 8  1 . 6 5 8 3 "  10 . 6  

- 0 . 8 0  + 0 . 6 6  0 . 0 4  0 . 0 6  0 . 9 0  2 . 1 4 8 8 "  10 . 6  

- 0 . 6 0  + 0 . 6 6  0 . 0 4  0 . I 0  0 . 8 6  6 . 6 3 0 6 "  10 . 7  

- 0 . 4 0  + 0 . 6 6  0 . 0 6  0 . 1 0  0 . 8 4  1 . 2 1 5 9 "  10 -6  

- 0 . 2 0  + 0 . 6 6  0 . 0 8  0 . 1 6  0 . 7 6  5 . 4 5 8 9 -  10 . 7  

0 . 0 0  + 0 . 6 0  0 . 2 8  0 . 1 6  0 . 5 6  6 . 8 1 8 6 "  10 . 7  

+ 0 . 2 0  + 0 . 3 2  0 . 6 2  0 . 2 4  0 . 1 4  8 . 3 3 3 0 "  10 . 7  

+0 .4 0  + 0 . 4 6  0 . 6 2  0 . 0 2  0 . 3 6  9 . 7 2 8 6 "  10 . 6  

+ 0 . 6 0  + 0 . 5 8  0 . 3 6  0 . 0 0  0 . 6 4  1 . 2 7 7 5 "  10 . 5  

+ 0 . 8 0  + 0 . 5 8  0 . 3 6  0 . 0 0  0 . 6 4  1 . 2 7 7 5 "  10 . 5  

+1.00 + 0 . 5 8  0.36 0.00 0.64 1.2775" 10 .5 

- I . 0 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 " 1 0  . 5  

- 0 . 8 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 -  10 . 5  

- 0 . 6 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 "  10 - 5  

- 0 . 4 0  + 0 .66  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 "  10 - 5  

- 0 . 2 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 "  10 - 5  

0 . 0 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 "  10 - 5  

+0.20 +0.58 0.56 0.02 0.42 1.3980 " 10 .5 

+ 0 . 4 0  + 0 . 1 4  0 . 8 6  0 . 0 8  0 . 0 6  9 . 5 9 2 9 "  10 . 6  

+ 0 . 6 0  + 0 . 1 2  0 . 9 0  0 . 0 4  0 . 0 6  6 . 9 0 1 9 "  10 -6  

+0.80 +0.20 0.90 0.02 0.08 6.2969" 10 .6 

+ 1 . 0 0  + 0 . 6 6  0 . 3 6  0 . 0 0  0 . 6 4  1 . 4 5 0 6 "  10 . 5  

U s i n g  t h e  p o s s i b i l i t y  (C )  f o r  p a r a m e t e r - e s t i m a t i o n  

( t h a t  i s ,  s e l e c t i o n  o f  t h a t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a n d  r e s u l t s  o f  c a s e  ( B )  w h i c h  s h o w s  a m i n i -  

m u m  of  S Q - R e s i d u a l )  - we ge t  t h e  f o l l o w i n g  e s t i m a t e s  

of  t h e  u n k n o w n  p a r a m e t e r s :  

f$ 6 - :   *=076 0 2 0   =+066 h ,s .  =0.08 0.16 = 

character ' diameter' 

p b G* C* E* SQ-Residual 

- 1 . 0 0  + 0 . 5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 .  10 . 4  

- 0 . 8 0  + 0 . 5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 "  10 . 4  

- 0 . 6 0  +0 .5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 "  10 -4  

- 0 . 4 0  + 0 . 5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 -  10 . 4  

- 0 . 2 0  + 0 . 5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 "  10 . 4  

0 . 0 0  + 0 . 5 6  0 . 5 6  0 . 0 0  0 . 4 4  1 . 0 4 4 7 "  10 . 4  

+ 0 . 2 0  + 0 . 5 2  0 . 6 4  0 . 0 2  0 . 3 4  1 . 0 2 0 2 "  10 . 4  

+ 0 . 4 0  0 . 0 0  0 . 8 8  0 . 0 8  0 . 0 4  7 . 4 4 6 3 - 1 0  - 5  

+ 0 . 6 0  0 . 0 0  0 . 9 2  0 . 0 4  0 . 0 4  8 . 0 5 3 4 "  10 -5  

+ 0 . 8 0  + 0 . 0 8  0 . 9 2  0 . 0 2  0 . 0 6  6 . 1 6 1 0 "  10 . 5  

+ 1 . 0 0  + 0 . 0 2  0 . 9 4  0 . 0 2  0 . 0 4  9 . 3 7 7 8 -  10 - 5  

Using the possibility (C) for parameter-estimation 

(that is, selection of that parameter-tupel from the com- 

putations and results of case (B) which shows a mini- 

mum of SQ-Besidual) - we get the following estimates 

of the unknown parameters: 

~2 ~. ~. = 
b.s .  =0"90 =0.02 0.08 ~=+0.80 b=+0.20 

character 'taper ' 

p b G* C* E* SQ-Residual 

- 1 . 0 0  + 0 . 8 8  0 . 0 0  0 . 2 4  0 . 7 6  2 . 7 6 3 3 - 1 0  . 6  

- 0 . 8 0  + 0 . 8 0  0 . 0 2  0 . 1 0  0 . 8 8  1 . 1 7 0 8 -  10 . 6  

- 0 . 6 0  + 0 . 8 8  0 . 0 0  0 . 2 4  0 . 7 6  2 . 7 6 3 3 -  10 . 6  

- 0 . 4 0  + 0 . 7 8  0 . 1 0  0 . 0 8  0 . 8 2  1 . 6 2 7 0  - 10 ~6 

- 0 . 2 0  + 0 . 8 2  0 . 0 6  0 . 1 4  0 . 8 0  1 . 7 7 8 8 - 1 0  . 6  

0 . 0 0  + 0 , 7 2  0 . 4 6  0 . 1 4  0 . 4 0  1 . 2 2 1 9 - 1 0  . 6  

+ 0 .20  + 0 . 8 8  0 . 0 0  0 . 2 4  0 . 7 6  2 . 7 6 3 3 - 1 0  . 6 .  

+ 0 . 4 0  + 0 . 8 8  0 . 0 0  0 . 2 4  0 . 7 6  2 . 7 6 3 3 "  10 . 6  

+0.60 +0.88 0 , 0 0  0~24 0.76 2.7633" 10 -6 

+0.80 +0.88 0.00 0.24 0.76 2 .7633-10  -6 

+ 1 . 0 0  + 0 . 8 8  0 . 0 0  0 . 2 4  0 . 7 6  2 . 7 6 3 3 - 1 0  . 6  

Using the possibility (C) for parameter-estimation 

( t h a t  i s ,  s e l e c t i o n  of  t h a t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a n d  r e s u l t s  of  c a s e  (B)  w h i c h  s h o w s  a m i n i -  

m u m  of  S Q - R e s i d u a l )  - we ge t  t h e  f o l l o w i n g  e s t i m a t e s  

of  t h e  u n k n o w n  p a r a m e t e r s :  

U s i n g  t he  p o s s i b i l i t y  (C)  i b r  p a r a m e t e r - e s t i m a t i o n  

( t h a t  i s ,  s e l e c t i o n  of  t h a t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a n d  r e s u l t s  of  c a s e  (B)  w h i c h  s h o w s  a m i n i -  

m u m  of  S Q - R e s i d u a l )  - we g e t  t h e  f o l l o w i n g  e s t i m a t e s  

of  t he  u n k n o w n  p a r a m e t e r s :  

^2 -2 h .s =0.92 C * = 0 . 0 2  1~.*=0.06 ~=+0.80 b=+O.08 hb.s =0.02 (D*=O.IO ~ * = 0 . 8 8  ~=-0 .80  b=+0.80 
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E x a m p l e  2 

T a b l e  2a .  P l a n t  s t a n d  No .  49b ( t he  o r i g i n a l  n o t a t i o n  a c -  
c o r d i n g  wi th  D r .  H o l u b c i k ' s  d a t a ) .  V a r i a n c e  
o f  p lo t  m e a n s  wi th  d i f f e r e n t  p lo t  s i z e s  f o r  t he  
f o u r  c h a r a c t e r s  

plot size height diameter crown percentage taper 

1 x 1 = 1 1 7 . 2 0  3 8 . 3 5  1 6 5 . 0 4  1 2 6 . 0 9  
2 x 2 = 4 8 . 5 4  1 4 . 7 5  7 1 . 2 1  4 7 . 2 1  
3 x 3 = 9 7 . 1 0  9 . 7 6  4 2 . 8 0  2 7 . 2 0  
4 x 4 = 16 5 . 5 9  8 . 2 3  3 3 . 1 5  1 8 . 1 5  
5 x 5 = 25 5 . 8 4  6 . 7 2  3 2 . 9 1  16 .07  
6 x 6 = 36 5 . 5 7  8 . 1 4  2 3 . 5 8  6 . 4 3  

Wi th  t h i s  d a t a  o f  t h e  v a r i a n c e s  o f  p lo t  m e a n s  f o r  d i f -  

f e r e n t  p lo t  s i z e s  we ge t  t he  f o l l o w i n g  r e s u l t s :  

T a b l e  2b .  P l a n t  s t a n d  No .  49b .  E s t i m a t e s  o f  t h e  p a r a m e -  
t e r s  ~, b ,  G* = h~.,. , C * a n d  E ~ a n d S Q - R e s i -  
d u a l  f o r  e a c h  o f  t h e  f o u r  c h a r a c t e r s  h e i g h t ,  
d i a m e t e r ,  c r o w n  p e r c e n t a g e  a n d  t a p e r  

c h a r a c t e r  ' h e i g h t '  

b G* C*  E *  S Q - R e s i d u a l  

- 1 . 0 0  + 0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0 -  10 . 4  

- 0 . 8 0  + 0 . 1 8  0 . 0 2  0 . 5 6  0 . 4 2  2 . 8 7 4 4 - 1 0  . 4  

- 0 . 6 0  + 0 . 1 4  0 . 0 2  0 . 6 2  0 . 3 6  2 . 7 7 0 3 -  10 -4  

- 0 . 4 0  + 0 . 1 4  0 . 0 4  0 . 6 0  0 . 3 6  2 . 9 0 3 9 "  10 -4  

- 0 . 2 0  + 0 . 0 6  0 . 0 2  0 . 7 2  0 . 2 6  2 . 8 5 3 7 "  10 . 4  

0 . 0 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0 "  10 -4  

+ 0 . 2 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0  �9 10 -4  

+ 0 . 4 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0 "  10 -4  

+ 0 . 6 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0 "  10 -4  

+ 0 . 8 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0 "  10 -4  

+ 1 . 0 0  0 . 0 0  0 . 0 0  0 . 8 0  0 . 2 0  2 . 9 2 2 0  �9 10 -4  

c h a r a c t e r  ' d i a m e t e r  ' 

p b G* C* E* SQ-Residual 

- I . 0 0  + 0 .08  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 -  10 . 5  

- 0 . 8 0  + 0 .08  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 -  10 - 5  

- 0 . 6 0  + 0 . 0 8  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 - 1 0  - 5  

- 0 . 4 0  + 0 .08  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 .  I0 - 5  

- 0 . 2 0  + 0 . 0 8  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 "  10 -5  

0 . 0 0  + 0 . 0 8  0 . 7 8  0 . 0 2  0 . 2 0  3 . 9 9 7 6 "  10 - 5  

+ 0 . 2 0  + 0 . 0 2  0 . 8 2  0 . 0 2  0 . 1 6  3 . 4 5 3 9 "  10 -5  

+ 0 .40  + 0 . 0 8  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 .  10 . 5  

+ 0 .60  + 0 . 0 8  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 "  10 -5  

+ 0 .80  + 0 . 0 8  0 . 8 0  0 . 0 0  0 . 2 0  5 . 5 9 1 3 "  10 -5  

+1.00 +0.08 0.80 0.00 0.20 5.5913- 10 .5 

U s i n g  the  p o s s i b i l i t y  (C)  f o r  p a r a m e t e r - e s t i m a t i o n  

( t ha t  i s ,  s e l e c t i o n  of  tha t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a nd  r e s u l t s  o f  c a s e  (B)  w h i c h  s h o w s  a m i n i -  

m u m  of  S Q - B e s i d u a l )  - we ge t  t he  fo l l ow ing  e s t i m a t e s  

of  t he  u n k n o w n  p a r a m e t e r s :  

:0.82  -=0.02  =+0.20  =+0.02 
b . s .  

character 'crown percentage ' 

p b G* C* E *  SQ-Besidual 

- 1 . 0 0  + 0 . 5 2  

- 0 . 8 0  + 0 . 5 2  

- 0 . 6 0  +0 �9 52 

- 0 . 4 0  + 0 . 5 2  

- 0 . 2 0  + 0 . 5 2  

0 . 0 0  + 0 . 5 2  

+ 0 . 2 0  + 0 . 5 2  

+ 0 .40  + 0 . 3 0  

+ 0 . 6 0  + 0 . 0 2  

+0.80 +0.06 

+ 1 . 0 0  +0.06  

0 . 2 4  

0 . 2 4  

0 . 2 4  

0 . 2 4  

0 24 

0 24 

0 24 

0 62 

0 78 

0 82 

0 . 8 4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 . 4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 . 4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 . 4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 . 4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 -4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 "  10 -4  

0 . 0 0  0 . 7 6  1 . 3 6 6 0 -  10 -4  

0 . I 0  0 . 2 8  1 . 1 9 9 4 .  10 . 4  

0 . 1 2  0 . 1 0  6 . 6 8 0 7 -  10 - 5  

0 . 0 6  O. 12 6 .  5645 �9 10 - 5  

0 . 0 4  0 . 1 2  6 . 4 1 4 7 "  10 -5  

U s i n g  t h e  p o s s i b i l i t y  (C )  f o r  p a r a m e t e r - e s t i m a t i o n  

( t h a t  i s ,  s e l e c t i o n  of  t h a t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a n d  r e s u l t s  of  c a s e  (B)  w h i c h  s h o w s  a m i n i -  

m u m  of  S Q - R e s i d u a l )  - we ge t  t h e  f o l l o w i n g  e s t i m a t e s  

o f  t h e  u n k n o w n  p a r a m e t e r s :  

U s i n g  t he  p o s s i b i l i t y  (C)  f o r  p a r a m e t e r - e s t i m a t i o n  

( tha t  i s ,  s e l e c t i o n  of  t ha t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  a nd  r e s u l t s  of  c a s e  (B)  w h i c h  s h o w s  a m i n i -  

m u m  o f  S Q - R e s i d u a l )  - we ge t  t h e  fo l l ow ing  e s t i m a t e s  

of  t he  u n k n o w n  p a r a m e t e r s :  

 *=0.62 ;=-0.60  =+0.14 e-=o.04 ;=+1.00  =+0.06 
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character 'taper ' 

b G ~ C ~ E ~ SQ-Residual 

- 1 . 0 0  +0 .66  0 . 1 6  0 . 0 0  0 . 8 4  6 . 1 4 8 8 - 1 0  -6  

- 0 . 8 0  +0.66 0 . 1 6  0 . 0 0  0 . 8 4  6 . 1 4 8 8 - 1 0  -6  

- 0 . 6 0  +0.68 0 . 0 4  0 . 0 2  0 . 9 4  2 . 9 9 4 6 "  10 -6  

- 0 . 4 0  +0.68 0 . 0 4  0 . 0 6  0 . 9 0  3 . 4 4 2 8 - 1 0  -6 

- 0 . 2 0  +0 .68  0 . 0 6  0 . 0 6  0 . 8 8  1 . 4 5 6 6 - 1 0  -6 

0 . 0 0  +0.68 0 . 1 0  0 . 1 0  0 . 8 0  6 . 6 9 4 2 - 1 0  -7 

+0.20 +0.54 0 . 5 0  0 . 1 6  0 . 3 4  6 . 1 8 5 5 "  10 -7  

+0.40 +0.30 0 . 7 6  0 . 1 0  0 . 1 4  5 . 5 2 2 3 "  10 -6  

+0.60 +0.66 0 . 1 6  0 . 0 0  0 . 8 4  6 . 1 4 8 8 "  10 -6  

+0.80 +0.66 0 . 1 6  0 . 0 0  0 . 8 4  6 . 1 4 8 8 "  10 -6  

+1.00 +0.66 0 . 1 6  0 . 0 0  0 . 8 4  6 . 1 4 8 8 "  10 -6  

Us ing  the  p o s s i b i l i t y  (C)  f o r  p a r a m e t e r - e s t i m a t i o n  

( tha t  i s ,  s e l e c t i o n  of  tha t  p a r a m e t e r - t u p e l  f r o m  t h e  c o m -  

p u t a t i o n s  and r e s u l t s  o f  c a s e  (B)  wh ich  s h o w s  a m i n i -  

m u m  of  S Q - R e s i d u a l )  - we get  t he  fo l lowing  e s t i m a t e s  

of  the  unknown p a r a m e t e r s :  

h b 2 . s . = 0 . 5 0  C ~ = 0 . 1 6  I ~ : 0 . 3 4  ~ : + 0 . 2 0  6 = + 0 . 5 4  

Conclusions 

In the present paper a new method for estimating broad 

sense heritability is developed as a generalization and 

improvement of the method of Sakai and Mukaide (1967) 

this itself is a generalization and improvement of Sakai 

and Hatakeyama's (1963) modification of Shrikhande's 

(1957) method to separately estimate the genetic vari- 

ance, eompetitional variance and environmental variance 

of a plant population. Using this proposednewestimation- 

procedure one obtains estimates for broad sense herita- 

bility which are more correct and realistic - because of 

the more rea/istic assumptions proposed in this method 

- than the results of former authors who used Shrikhande's 

method or some modification of that method. 

In the theory of this estimation-procedure the accu- 

racy of the estimates as well as the problem of the sta- 

bility of the solutions of the system of non-linear equa- 

tions, which must be solved to obtain estimates of the 

unknown parameters, have not been investigated and 

computed until now. 

This proposed method for estimating broad sense 

h e r i t a b i l i t y  h a s  the  a d v a n t a g e  tha t  i t  i s  p o s s i b l e  to o b -  

t a in  e s t i m a t e s  f o r  g e n e t i c  v a r i a n c e  r e s p .  b r o a d  s e n s e  

h e r i t a b i l i t y  wi thout  p e r f o r m i n g  any c r o s s e s .  This  i s  o f  

s p e c i a l  i m p o r t a n c e  in  w o r k i n g  wi th  p lan t  s p e c i e s  of  l a r g e  

g e n e r a t i o n  i n t e r v a l s ,  f o r  e x a m p l e  wi th  p e r e n n n i a l  p l a n t  

s p e c i e s  o r  e v e n  f o r e s t  t r e e s ,  w h e r e  t he  usua l  e s t i m a -  

t i o n - p r o c e d u r e  ( c o v a r i a n c e s  b e t w e e n  r e l a t i v e s ,  r e g r e s -  

s i o n  t e c h n i q u e s  l ike  the  p a r e n t - o f f s p r i n g - r e g r e s s i o n )  

a r e  o f t en  not  s u f f i c i e n t .  M o s t l y  it i s  n e c e s s a r y  o r  i m -  

p o r t a n t  to ge t  h e r i t a b i l i t y  e s t i m a t e s  in t he  e a r l y  s t a g e s  

of  b r e e d i n g  work  - and  t h i s  would  be the  c a s e  e v e n  i f  it  

w e r e  p o s s i b l e  to  o b t a i n  o n l y  s o m e  r o u g h  e s t i m a t e s  o r  

a p p r o x i m a t e  r e s u l t s  of  b r o a d  s e n s e  h e r i t a b i l i t y ,  b e c a u s e  

it i s  not  p o s s i b l e  to wai t  f o r  the  r e s u l t s  f r o m  a p p r o p r i -  

a te  p r o g e n y  t e s t s .  

F o r  t h i s  s i t u a t i o n ,  S h r i k h a n d e  ' s m e t h o d  and  t h e r e -  

f o r e  o u r  p r o p o s e d  m e t h o d  h a v e  b e e n  d e v e l o p e d .  B e c a u s e  

the  p r o p o s e d  m e t h o d  d e p e n d s  on m a n y  s i m p l i f y i n g  a s -  

s u m p t i o n s ,  i t  s t a n d s  to  r e a s o n  tha t  s u c h  e s t i m a t e s  c a n  

on ly  be  c o n s i d e r e d  a s  a p p r o x i m a t e  r e s u l t s .  

Of c o u r s e  one  o b t a i n s  b e t t e r  and  m o r e  e x a c t  e s t i m a -  

t e s  f o r  g e n e t i c  v a r i a n c e  r e s p .  b r o a d  s e n s e  h e r i t a b i l i t y  

by p e r f o r m i n g  c r o s s e s ,  i . e .  by u s i n g  p r o g e n y  t e s t s  and  

a n a l y s i n g  t h e m  inc lud ing  the  c o m p e t i t i v e  e f f e c t s .  But o u r  

e s t i m a t i o n - p r o c e d u r e  g i v e s  t h e  e s t i m a t e s  i m m e d i a t e l y  - 

and  tha t  i s  a v e r y  d e c i s i v e  po in t  when  w o r k i n g  wi th  f o r e s t  

t r e e s .  

F o r  t he  r e a s o n s  m e n t i o n e d  a b o v e ,  t h i s  p r o p o s e d  

e s t i m a t i o n - p r o c e d u r e  on no a c c o u n t  c a n  o r  s h o u l d  r e -  

p l a c e  the  p e r f o r m a n c e  of  a p p r o p r i a t e  p r o g e n y  t e s t s ,  wh ich  

g ive  b e t t e r  and m o r e  a c c u r a t e  e s t i m a t e s  o f  g e n e t i c  v a -  

r i a n c e  r e s p .  b r o a d  s e n s e  h e r i t a b i l i t y .  

The e s t i m a t i o n - p r o c e d u r e  t h e o r e t i c a l l y  d e r i v e d  in 

t h i s  p a p e r  had  b e e n  a p p l i c e d  by us  to an e x t e n s i v e  c o l -  

l e c t i o n  of  N o r w a y - s p r u c e  da t a  f r o m  S l o v a k i a .  E l e v e n  

N o r w a y - s p r u c e  s t a n d s  (80 -90  y e a r s  o ld )  w e r e  e a c h  i n -  

v e s t i g a t e d  by c o n s i d e r i n g  fou r  c h a r a c t e r s ,  m e a s u r e d  

f o r  e a c h  s i n g l e  t r e e ,  : h e i g h t ,  d i a m e t e r ,  c r o w n  p e r c e n -  

t a g e  and  t a p e r .  The m o s t  u n i f o r m  r e s u l t s  w e r e  f o u n d f o r  

t he  c h a r a c t e r  ' c r o w n  p e r c e n t a g e  ' ,  w h e r e  t he  b r o a d  s e n s e  

h e r i t a b i l i t y  f o r  a l l  e l e v e n  s t a n d s  w a s  u n i f o r m l y  h igh  

( 0 . 6 2 - 0 . 9 4 ) .  The c h a r a c t e r  ' d i a m e t e r '  too  s h o w s  u n i -  

f o r m l y  h igh  e s t i m a t e s  fo r  b r o a d  s e n s e  h e r i t a b i l i t y  ( 0 . 6 4 -  

0 . 9 4 )  wi th  the  e x c e p t i o n  of  t h r e e  s t a n d s  w h e r e  h 2 
b . s .  

w a s  s m a l l e r  t h a n  10 g and  one  s t a n d  wi th  h 2 .  s .  = 0 . 4 0 .  

In the  two r e m a i n i n g  c h a r a c t e r s ,  ' h e i g h t '  and ' t a p e r ' ,  

we found h igh  v a l u e s  a s  wel l  a s  v e r y  low v a l u e s  f o r  the  

b r o a d  s e n s e  h e r i t a b i l i t y  - but  t h e  l o w e r  v a l u e s  f o r  b r o a d  

s e n s e  h e r i t a b i l i t y  p r e v a i l e d  in  bo th  c h a r a c t e r s  ( ' h e i g h t '  : 
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fou r  s t a n d s  with 0 . 6 8 - 0 . 9 0 ,  f ive  s t a n d s  with 0 . 0 0 - 0 . 1 6  

and two s t a n d s  with 0 . 2 2  r e s p .  0 . 4 8 ;  ' t a p e r ' :  f ou r  

s t a n d s  with 0 . 8 4 - 0 . 9 2 ,  f i ve  s t ands  wi th  0 . 0 2 - 0 . 1 2  and 

two s t a n d s  with  0 . 3 4  r e s p .  0 . 5 0 ) .  
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Appendix  1 

P r o o f  of  f o r m u l a s  (10)  and (11) 

l a )  P r o o f  of  f o r m u l a  (10)  

L (gi. - g ) ( c i .  - ~) 2 
d n - 1 

i=1 

4 (n-1)~o G~*G--'C 
3 

n 

(lO) 

The de f in i t ion  of  ' c o v a r i a n c e  g i v e s :  

(g i .  - ~') ( c i .  - ~') 
2 d - 1 = 2 K ~  c i .  ) (21) 

i=1 n 

and for this covariance we obtain the following expres- 

sion: (2 2) 
n n 

K o v ( g i .  c i . )  = Kov j : l  j= l  (22)  ' 2 ' 2 n n 

1 Kov (23)  - --4 g i j '  c i j  
n j= l  j = l  

Us ing  the o r i g i n a l  m e a n i n g  of  gii  

f o r m u l a :  

and c .  we get  the  1j 

K o v ( g  i ' '  c i . )  : A(n)4 K ~  WX) (24)  
n 

w h e r e :  A(n )  = n u m b e r  of al l  p o s s i b l e  p a i r s  of  two p l an t s ,  

which a r e  d i r e c t  n e i g h b o u r s  ( i . e .  n e i g h b o u r s  in the s a m e  

row o r  n e i g h b o u r s  in the  s a m e  c o l u m n  in the  r e g u l a r l y  

d i s p e r s e d  plant  s t and )  in p lo t s  with n 2 p lan t s  p e r  p lo t .  

A f t e r  app ly ing  s i m p l e  r u l e s  of  c o m b i n a t o r i c s  we o b -  

ta in  fo r  A ( n )  the  fo l lowing  e x p l i c i t  e x p r e s s i o n :  

A(n) = 4n(n-1) (25) 

and therefore with (24) we get: 

K o v ( g i . ,  c i . )  : 4(n-1)3 K ~  WX) (26)  
n 

Because 0 denotes the correlation coefficient between 

the F-values and the W-values of all plants of the total 
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c o n s i d e r e d  plant  s t and  and V ( F x )  = G and 4 V ( W  X) =C 

we ob ta in  the  fo l lowing  f o r m u l a :  

p = 
K o v ( F  X, W x )  K o v ( F  X, W X) 

1 
V V ( F x )  - V(W X) ~V"G" C 

and we ge t :  

1 
K o v ( F  X, W x) = ~pVGC 

and - t o g e t h e r  wi th  (26) - i t  f o l l ows :  

2 K o v ( g i . , c i . )  = 4 ( n - 1 ) p  G~"G-C-3 
n 

F o r m u l a s  (21)  and (29)  t o g e t h e r  c o n c l u d e  the  p r o o f  

of  f o r m u l a  ( 10 ) .  

l b )  Proof of  f o r m u l a  (11) 

( c i .  _ ~-)2 

d - 1  = 
i=1 n 

4n 2 - 6n  + 2 
4 

n 

The de f in i t ion  of  ' v a r i a n c e  g i v e s :  

(ci. _ ~)2 
i=1 d n - 1 / 

= V ( c i .  

2 l a r l y  d i s p e r s e d  plant  s t and  in p lo t s  with n 

p l an t s  p e r  p lo t  ( s e e  f i g u r e  1).: 

C y , C  Z = c - v a l u e s  of  two a r b i t r a r y  p l an t s  Y and Z ,  

(27)  which  a r e  n e i g h b o u r s  and which  a r e  s t and ing  

d i a g o n a l l y  a g a i n s t  one  a n o t h e r  in the  r e g u l a r l y  

d i s p e r s e d  plant  s t and  ( s e e  f i g u r e  1 ) .  

B ( n )  = n u m b e r  of  a l l  p o s s i b l e  p a i r s  of  two p l an t s  - 

both in the  s a m e  r o w  o r  both in the  s a m e  c o -  

(28)  l u m n  in the  r e g u l a r l y  d i s p e r s e d  p lan t  s t and  - 

which a r e  s e p a r a t e d  f r o m  e a c h  o t h e r  by one  

o t h e r  plant  s t and ing  b e t w e e n  t h e s e  two p l a n t s  

in p lo t s  with n 2 p l an t s  p e r  plot  ( s e e  f i g u r e  2 ) .  

(29)  Cu ,C  M = c - v a l u e s o f t w o  a r b i t r a r y  p l an t s  U and M, which 

a r e  both s t and ing  in t he  s a m e  r o w  o r  in the  

s a m e  c o l u m n  in the  r e g u l a r l y  d i s p e r s e d  plant  

s t and  and which a r e  s e p a r a t e d  f r o m  e a c h  o t h e r  

by one  o t h e r  plant  s t and ing  b e t w e e n  t h e s e  two 

p l an t s  ( s e e  f i g u r e  2 ) .  

A f t e r  app ly ing  s i m p l e  r u l e s  of  c o m b i n a t o r i c s  we o b -  

t a in  fo r  D ( n )  and B ( n )  the  fo l lowing  e x p l i c i t  e x p r e s -  

(11)  sions : 

D(n)  = 4 ( n - i )  2 (33)  

B(n) = 4n(n-2) (34) 

(3o) 

and fo r  t h i s  v a r i a n c e  we ob ta in  the  fo l lowing  e x p r e s s i o n :  (2) 
~ .  c i j  2 

V ( c  i ) = V j= l  (31)  �9 n2 = - ~  V ci j  . 
n j= l  

Now we need explicit expressions for the covariances 

Kov(cy, CZ) and KoV(Cu, OM): 

X X X X X X 

x x x xQ x x 

x x xO xZ xT x 

x xN xY xR x x 

x x xS x x x 

X X X X X X 

The v a r i a n c e  of  the  s u m  of t h e s e  c . - v a l u e s  can  be  1] 
c o m p u t e d  in the  fo l lowing  way us ing  w e l l - k n o w n  m a t h e -  

m a t i c a l  r u l e s  a s  wel l  a s  the  s i m p l i f y i n g  a s s u m p t i o n s  

m e n t i o n e d  in the  c h a p t e r  T h e o r e t i c a l  I n v e s t i g a t i o n s :  

V(c i . )  = -~  [ n2V(c X) + D(n)Kov(cy,  C Z) 
n 

+ B ( n ) K o v ( c u ,  CM) } 

w h e r e  : 

c X 
D(n)  

(32) 

= c - v a l u e  of  an a r b i t r a r y  p lan t  X. 

= n u m b e r  of  a l l  p o s s i b l e  p a i r s  o f  two p l a n t s ,  

which  a r e  d i r e c t  n e i g h b o u r s  and which  a r e  

s t and ing  d i a g o n a l l y  to one  a n o t h e r  in  the r e g u -  

F i g .  1 Spa t ia l  a r r a n g e m e n t  of  d i agona l  
n e i g h b o u r s  Y and Z '  

Cy = W N + W O + W R + W S 

c Z = W O + WQ + W T + W R 
(35)  

w h e r e  W x deno t e s  the  W - v a l u e  of  a p lan t  X.  With (35)  

we get  : 

K o v ( c y ,  Cz )  = KoV(WN+Wo+WR+Ws,  

W O +WQ+WT+W R ) 

= K o v ( W o ,  W O) + KoV(WR,  W R)  

= 2 K o v ( W x ,  W X) = 2 V ( W x )  (36) 
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In an a n a l o g o u s  manner it i s  p o s s i b l e  to d e r i v e  an 

e x p l i c i t  e x p r e s s i o n  f o r  t he  s e c o n d  c o v a r i a n c e  

K o v ( c  U, c M ) : 

x x x x x x x 

x x xI x xL x x 

x xH xU xJ xM xR x 

x x xK x xS x x 

x x x x x x x 

F i g . 2  Spa t i a l  a r r a n g e m e n t  of  p l a n t s  U and M, 
wh ich  a r e  s e p a r a t e d  f r o m  e a c h  o t h e r  by one  o t h e r  
p l an t  

c U = W H + W I + Wj  + W K 

c M = Wj  + W L + W R + W S 
(37)  

where k i s  a c o n s t a n t  wi th  IX/Y I ~< k and  tal  denotes 
the absolute value of a. 

• 

- -  ( r e s p .  - - / V ~  ~< 1) and Because of V~--~ ~< V12 Vn2 

V--~n >~ O, V~-~ >i 0 we obtain from unequality (42) using 

k = l :  

: I ] - -  VI2 ~ {Vn2 ~IV~"21 V Variance 

For d~/V~-~} we can replace the expression 

(43) 

(44)  

and wi th  (37)  we g e t :  

K o v ( c u ,  c M) = K o v ( W  H + W I + Wj  + WK, 

Wj + W L + W R + W S) 

: Kov(Wj, Wj) : V(W x) (3S) 

With ( 3 2 ) ,  ( 3 3 ) ,  ( 3 4 ) ,  ( 3 6 ) ,  ( 3 8 ) a n d t h e  r e l a t i o n  

V ( c  X) = 4 V ( W  x )  we o b t a i n  t he  fo l lowing  e q u a t i o n :  

v(ci. ) : ~ {4n2V(W x) + 4(n- 1) 2 - 2V(W x) 

+ 4 n ( n -  2 ) V ( W x )  } (39)  

We now need an explicit expression for the variance 

of V~-~ . If we denote with N the total number of plants 

in the considered plant population and with m 4 the fourth 

central moment of the frequency distribution of the pheno- 

typic values of the total number of all plants in the con- 

sidered plant population the following relation holds : 

m4 [ {V12} 1 V a r i a n c e  of  V - -  = N - 3 2 
12 ~ - N(N - 1) d~ ~ (45)  

( s e e :  S c h m e t t e r e r  1966, p .  159) .  

F r o m  (45) we o b t a i n  wi th  ( 4 4 ) :  

and a f t e r  s o m e  a l g e b r a i c  s i m p l i f i c a t i o n s  in  t h i s  f o r m u -  

la  (39)  we ge t :  

4v(w x) 
V ( c i . )  = 4 { 4 n 2 - 6 n +  2} (40)  

n 

P u t t i n g  4 V ( W  X) = C we o b t a i n :  

V ( c i  ) = 4n  2 -  6 n +  2 
�9 4 �9 C ( 4 1 )  

n 

wh ich  c o n c l u d e s  - t o g e t h e r  wi th  30) - the  p r o o f  of  f o r -  

m u l a  ( 1 1 ) .  

m4 ( N  - 3 ) ( G  + C + E)  2 
V a r i a n c e  of  V . . . . .  (46)  

12 N N ( N -  1) 

If we now i n t r o d u c e  the  k u r t o s i s  y of  the  f r e q u e n c y  

d i s t r i b u t i o n  of  the  p h e n o t y p i c  v a l u e s  of  a l l  p l a n t s  in the  

c o n s i d e r e d  p lan t  s t a n d  - we have  the  k u r t o s i s - d e f i n i t i o n :  

m 4 
= (G + C + E )  2 3 (47)  

and f r o m  (47) we can  d e r i v e  the  fo l lowing  e x p r e s s i o n :  

A p p e n d i x  2 

F o r  a r b i t r a r y  r a n d o m  v a r i a b l e s  X and  Y the  fo l lowing  

u n e q u a l i t y  h o l d s  ( M o r g e n s t e r n  1968, p .  111 ) : 

m 4 = (y + 3 ) ( G  + C + E)  2 (48) 

If we put (48)  in (46)  we o b t a i n  - a f t e r  s o m e  a l g e -  

b r a i c  m a n i p u l a t i o n s  - the  fo l lowing  r e l a t i o n :  

kV V a r i a n c e  Y (42) V ri  ce o ,  (49)  
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F r o m  ( 4 9 ) ,  (43)  and  (44)  we o b t a i n  t h e  u n e q u a l i t y :  

/Vn2/ I N1 (17) 

w h i c h  c o n c l u d e s  t h e  p r o o f  of  f o r m u l a  ( 1 7 ) .  

I f  t h e  t o t a l  n u m b e r  N of  p l a n t s  in  t he  c o n s i d e r e d  

p l a n t  p o p u l a t i o n  i s  h i g h  e n o u g h  a n d  i f  t h e r e  e x i s t s  no  p o -  

s i t i v e  a n d  too  l a r g e  a k u r t o s i s  ~ of  t h e  f r e q u e n c y  d i s t r i -  

b u t i o n  of  t he  p h e n o t y p i c  v a l u e s  of  t h i s  p l a n t  s t a n d ,  t h e n  

t he  f o l l o w i n g  a p p r o x i m a t e  r e s u l t  i s  v a l i d :  

(16) 
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